Math 1272
Solutions for Fall 2004 Final Exam

1) This integral appears in Problem 1 of the Oundated -2002?0 exam; a solution can be
found in that solution set. (B)

2) One of the first things that should be investigated in planning the integration of a
rational function of  polynomials is what the degrees of the polynomials in the
numerator and denominator are. If the polynomial in the numerator has a degree
greater than or equal to that of the polynomial in the denominator, a polynomial
division should be carried out first. Partial fraction decomposition would then be
carried out on the OremainderO rational function, if one exists.

_ 9x* +15x” +33x° +14x+ 4 . ,
For the function LI , multiplying out the factors in
(Bx+2)" (x +2)

the denominator gives a polynomial for which the leading term is (3x)*ax* = 9x*. The
highest power of  x in the denominator is the same as in the numerator, so a division
cubic polynomial in
Bx+2)2 (x2+2)’
which case a strict application of the Omethod of partial fractionsO would show that
none of the indicated decompositions would be correct as they stand, making the
answer to the question (E).

should be carried out first. This would lead to the result of 1

If we interpret the question to mean that we are being asked for the
decomposition of the remainder after the division, we would then look at the factor sin

the denominator.  There is a OrepeatedO linear factor, ( 3x + 2)?, and an irreducible (not

factorable) quadratic term,  x* + 2 . Repeated linear factors are represented in a partial
fraction decomposition by terms with denominators having first powers of the linear
factor, second powers, etc., up to the power appearing in the rational function. The
numerator of these terms are simply constant values, so for our function, we will have

two terms of the form

¢ , G
Bx+2) (3x+2)

The irreducible quadratic factor is represented by a term using that factor in the
denominator and a linear factor in the numerator, thusly,

Cxx+C,
x°+2
The partial fraction decomposition terms for our rational function are then

Ax+B+ C + D
x?+2 (Bx+2° (Bx+2)

(B) (if () wasnOt intended]



3) The amount of a radioactive substance (expressed in mass or number of nuclei)
|
follows an exponential decay function, which has the form m(t) = m(0) ar ¢

= m(0) 4e'“ . We are told that the initial mass of this material is m(0) = 90 grams, so

the remaining unknowns we will need to work out are r and c ,with tinyears. We
are given that there are 40 grams of the radioactive substance remaining after 4 year S,

sowe canwrite  m(4) = 40 = 90"(3—8) = 90"(%)1 . Thistells us that ' = 4/9 .

We now want to find the amount of material remaining after 7 years, which can
| .8 | .&é I &
be expressedas m(7) = m(0) a ¥ = m(0) a " = m()a( °*)™

= 90 &4 (4/9 )™ grams. (D)

4) This integral appears in Problem 3 of the Oundated -2002?0 exam; a solution can be
found in that solution set. (D)
5) The basic integral for finding the area bounded by a polar curve r = f(") between

2
two anglesis A = #%[ f(")]? d” , which represents the area of a wedge having the
”1
origin as its vertex. For the curve r = In " and the angles specified, our area integral
will be

A= #3n"Pd

which can be evaluated using integration by parts (twice) :

1 re 2
A = é.fl [|I’luH] C!IVH u=(In")* # du=2$n”$%d" ; dv=d" # v="

N—r

L((In#? " O (2 Iz L gy + = Lo
E(ln#) #i s Yo g ot = g

e g 2" %n#qj#]

du
=" # dw= T d”
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? / S Y #dw (% l 1 2
= Lefa(nays s 20% " [37#°InA7 8 #7In# + 4]
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%e-(lne)2 - e-lne + e] - [%-1-(In1)2 - 1-In1 + 1]

(continued)



= %"eﬁz#e$1+-4 #[%ﬂf02#1f04-1 = (Fe#e+e) # (0#0+1)

= %e"l. (D)

6) The fact that will be useful to us is that a Type | improper integral of the form

#xp dx only converges (produces a finite value) for p<!1. Since # will needto be a

1
negative number, while x> 0, we can write the inequality

1 1 1

< =
4/3 - 4/3\- 4
¢Sy Ty e

This tells us (by the integral comparison properties [Section 5.2]) that

# ) # 4,
PP +5) " dx < x> dx
1

1

This comparison integral converges for p = %" < #1 ,sowe musthave " < #% .
By the integral comparison theorem (Section 7.8), where this integral converges, so does

ours. The only choice available for which this is the case is (C) .

7) The general expression for the coordinates of the center of mass (or centroid) of  an

area bounded below by the  x-axis and above by the curve y =f(x) is

b b
Mo S%UH) () dx v SF@ S )P dx
X = Yy — a vy = X = 4
h n ' y b n '
m $#(x) "f (x) dx m $#(x) "f (x) dx
a a
with  $(x) being the density function for mass in the region. Since it is not stated
explicitly in the problem, it may be assumed that the density of the semicircular plate is
uniform, so the density function is a constant, $(x) = $O , reducing the centroid formulas
to
b b
#x " f(x) dx #[f (x)]? dx
X =D «+— g =Liva
b vy 2 " b
#f (x) dx #f (x) dx
a a

(continued)



There are a couple of other simplifications we can make in this problem. With
the constant density divided out, the integral in the denominato rs of the formulas is
just the area of the plate: forasemi  -circle of radius 10, this is ! 4%&10% = 50 %. We
can also take advantage of the symmetry of the plate. Since the full circle would be
symmetric about its center at ( 1, 0 ), the plate has a symmetry axis of x =1 ; thus, we
must have X =1 .

1 : i‘u X

The equation of a circle centered at ( 1, 0 ) and havi ng a radius of 10 is
(xD1)? + y* = 102= 100. We can solve this for v, in order to obtain the equation

for the semi -circle Yy = 4/100— (X —1) . The integration for this plate will extend

from x = 1P10 = 19 to x = 1+10 = 11, making the result for the y -coordinate
11
L { [4/100- (x - 1)2]2 dx . n
o _ 1. 5 _ . (v _1\2
y=5 S0 = 100e _fglOO (x-=1)° dx
u=x"1# du=dx
X 19 11
u=x!1: 110 10
1 TEY
- o .} 100- ? du - Togs + (100U - 2P |19,

-10

= oo #{(100#0$ 3 #07) $ (100#$10} $%#{$10}3)]

— — _ 40
= 100,, #2#(10040$ 3 Luo’) = m@" #2#—#1000 3 - (A

There is a quick way of finding the y-coordinate of the centroid using the
(Second) Theorem of Pappus (end of Section 8.3). If the semi -circular plate were
revolved about the x-axis, it would sweep out the volume of a sphere of radius 10, which
4. 0 = 40007
is 37 10° = —
50%(as found above), times the circumference of the circle swept out by the centroid
when the plate is revolved, which is 2" #y . We thus find

. By PappusO Theorem, this is the product  of the area of the plate,

40007 en o o a0 40
3 =°0m27y = V- 3mpier T 3w



8) This series appears in Problem 20 of the Oundated ~ -2002?0 exam; a solution is
discussed in that solution set. (C)

9) This series appears in Problem 10 of the Oundated  -2002?0 exam; a solution can be
found in that solution set. (E)

10) This volume appears in Problem 6 of the Oundated -2002?0 exam; a solution can be
found in that solution set. (C)
11) This function appears in Problem 13 of the Oundated -2002?0 exam; a solution can be
found in that solution set. (C)
12) The key to solving this problem is i n recognizing the resemblance of the given
series to the Maclaurin series for cos(x) ,
2 4 6
1 n X_ + X_ n X_ + K
2 4 6
w22 24,26 .
Thus, we are able to say that 1 o + ar " a7 K = cos2(radians) . (C)
It is legitimate to use the Maclaurin series for cos(x) , which is centered

on x =0, in this way, since its radius of convergence is infinite.

13) The cross product of two vectors is a third vector which is orthogonal
(perpendicular) to the two used in the product. For the vectors u=<1,2,3>and v
= < 2, 3,4 >, the cross product is

i j k
"y "= 1 2 3| = i j + k
3 4 2 4 2 3
2 3

* the 3 x 3 determinant is used here as a calculation aid,
butitis not a definition

(@@ BE)E) ]I ! [(1)E) BPERE) ] + [(ME) B2)(2)] k

<I11,2, 11>

Any scalar multiple o  f this vector is also orthogonal to u and v ; among the available
choices, the only one for which this is true is ( Ilya<!1,2,!'1> =<1, 12,1>. (E)



14) The distance between two parallel planes is measured along a line perpendicular to
each plane, that is, a shared normal line . The normal vector to the plane s x+y+z =1
and x+y+z =10 is <1, 1,1 >. To gauge the distance between the planes along this
direction, we will need to construct a normal line. We may choose any point in the plane
Xx+y+z =1,say,(1,0,0), and create the line parallelto <1,1,1 > which passes
through it. T he parametric equations for this line are

xbl =14 ,yb0o=14a,z b0 =14t & x=1+t,y=t, z=t.

We next find where this line, which is also perpendicular to the plane x+y+z =10,
intersects that plane  at the value of the parameter t given by

X+y+z = (1+t)+(t)+(t) =1+ 3t =10
& 3t =9 & t=3.
The intersection point of this chosen normal line with the second plane is then

(1+3,3,3) = (4,3,3). Thet wo points are on a line perpendicular to both planes, so
the distance between them is the defined distance between the two parallel planes:

d = /(4-1)?+(3-0)2+(3-0)? = {/F+3F+3 =27 or 343 . (B)

15)

a) Here are two approaches that can be taken in solving this integral. (Something we
probably do not want to do is to use trigopnometric identities that would introduce other
arguments for the functions, as this will complicate our efforts.)

One method is to separate out one factor of sin 2x to write the integral as
[sin’2xdx = [ sin2x- (sin2%)* dx
we then apply the Pythagorean ldentity to obtain
H " H 2 — H n
Hsin2x"(sin2x)? dx = #sin2x"(1$ cos 2x) dx
= Psin2xdx " $Psin2x#cos2x)? dx

The first integral is straightforward enough, while the second can be solved by using the

substitution u = cos2x & du = !'2sin2xdx & !! du = sin2 xdx :
H n H — n n n 1
Psin2xdr " Fsin2x#(cos2x)’ dx = " Scos2x " Pu’ #(" 5 du)
_ 1 1 (2 - _1 1.1,
= -5C082x + - [uPdu = -3cos2x + 35:(3U%) + C
= " 5C0s2x + %#(cost)3 + C . (continued)



From here, we have options asto what form weQd like t o express the anti -derivative ,
including leaving it as it stands. Since the original integrand is a power of sin 2x , we
could choose to write the result in powers of sin X . By applying the double -angle

formula for cosine, cos2x = cos’x ! sin?x = 1 ! 2 sin® x, we would have

[sif2xdy = -3-(1-2sifx) + §-(1-2sifx)® + C

" SH1" 2sin’X) + £#(1" 6sin’ X +12sin* X" 85in°x) + C

= 2sin*x " %sinex +C

(The arbitrary constant C Oswallows upO the constant term from the calculation.)

Another approach would be to apply immediately the double -angle formula for
sine, sin 2x = 2 sin X cos X , to re -write the integrand as

mnm . 11} . 1 .
sin®2xdx = " (2sinxcosx)’dx = 8#' sin’xcos’ x dx .

If we choose to obtain an anti  -derivative in terms of powers of sin x , we coul d separate
out one factor of cos x and apply the Pythagorean Identity to produce

8"#fsi’xcosxdx = 8"#sin’xcos x"cosxdx = 8"#sin®x"(1$ sin®x)"cosx dx

We can now solve this integral  using the substitution u=sin x & du=cos xdx:

8" Psin® x"(1#sin*x)"cosxdx = 8"Pu"(1#u?)du = 8"PuP#u’du

w,l 1 . 4 .
= 8 (ZU4# gué) + C = 2sin*x # §SIH6X + C | as we found above.

- . . . o 4 6 4
By similar reasoning, we can also obtain the anti -derivative §COS X —2cos"X + C .

b) A solution to this integral involves seeing the useful choice to make. It is clear
that there is no direct substitution that will permit progress, and integration by parts

wonOt be of any help, since the derivative of will leave an even worse

x+xInx
inte gration to attempt. It may not seem to be of much use, but extracting a factor of
1/ x will allow us to form the differential dUZ%dX , Which then suggests the
substitution u=1In x:

1 1 1 1
"~ dx = "— # - dx = "—du.
X+ XIn X 1+Inx X 1+u
We are now able to make the further substitution v=1+u & dv =du, which now

permits us to complete the integration:

fﬁdu = f%dv = InM + C

= In[l+ul + C = In‘1+ln|x|‘ + C |



16) The Trapezoid Rule estimat es the value of a definite integral as

f:f(x) dx = %-[f(x0)+2f(x1)+2f(x2)+K +2f(x,.) + f(x,)] Ax,

"x = 93 ang X; = a+i$'x . By applying this Rule to the given integral using

with A

n = 6 subintervals, we have a=0,b=%,"'x=%6, X = i a(%6) , and thus

[7sine) dx = %-[f(0)+2f(%)+2f(%)+2f(%)+2f(27”)+2f(%”)+ f(n)]-%

_"#3;.02."2 2sinC2) + 2sin(2) + 2sint2) + 2sin(25. PPN
= %m()+ S|n(%)+ 5|n(?)+ sin(-) + SII‘](T)+ sm(w)+sm( )l

17)
a) The given differential equation is separable, allowing us to write

y':d_y:)(zy " ﬂ:xzdx
dx y

11} d n
# = #¢ dx Inly| = %x3 + C,
y
or, upon exponentiating both sides of the equation,

1.3 1.3 1.3

ne = Y = e g y = A#e®
(It might also be mentioned that there is a second OtrivialO solution for the differential
equation: if we simply set y =0, the equation is satisfied for all values of X.)

If we require that this general solution satisfy the Qinitial valueO y(1) = 3, we find

1ug3

y = Anegl = A"e® = 3 # A = 3"€$1/3

which makes the solution to the initial -value problem

y = 336 _ 3¢5 or 3¢

b) This differential equation can be solved by direct integration, using the

substitution u=x* & du=2xdx & ! du = xdx:

y' = xsinx®) "y = $xsinx?)dx = $sinu#(%du)

=" 3cosu + C =" Scosi’) + C .



" D" #4"#x"
n*+1
convergence for the series is found by application of the Ratio Test:

($1)"*19n+1) 94N+ %<n7

. The radius of

18) The general term for this power series is a, =

OO I ) B (+1)? +1
lim - I'.m ($)" o %" %"
n" # n" # 2
nc+1
n+l n+l
= Iim n (/l+1(y4n (yxn (yZn +1
2w | (3D n 4 x" n°+2n+2
2
, +1 n“+1
= lim|GDR—%%%———| = |4x|<1 & |x|<1=R.
n" # n n’+2n+2
The radius of convergence of our seriesis R = " . The interval of convergence is
centered on x =0 ; to determine this interval completely, we must examine the behavior

of the series at each endpoint:

4 (-0 n- 4" (- 2) (-)"n-(4-- N"n-(=1)"
_ % E 4 =E E( )" n( )

2
o n°+1 oy n®+1 n®+1
n 2n n
= 9p{ 07 % 2k
o NP+l o N2+ 1 =0 +1°
the gener al term in this series, b, = 2n , can be compared to the general term in the
n“+1
$ ' n’+1
harmonic series, a, :%; we find that  lim 2 = lim ) = lim—==1;
n" # bn n" # OQ/I’]2+1( n""# N
by the Limit Comparison Test, since the harmonic series E — diverges, so does our

n=1
series (we need to omit the n = 0 term in our series in order to make the comparison,
but this has no effect on the matter of divergence)

$ 1] n n 1 n $ n n 1 n n n n
1 (" DA TH) (" DA A4 #y) )" # 1)"#h
R P 7 Sulats S AL A DL cy”
Y n’+1 . i+l . N+l ey
which is an alternating series with b, = n 1 ; since itis the case that b, " b, for
n-+

all n#1, and limb, = 0, this series satisfies the Alternating Series Test and so
n" #

converges.

Hence, the interval of convergence for our series is " ," 1.



19)

a) The general term in this series, bn = , can be compared to the function
Vn+4

1 a, n+4 4

= —— tofindthat lim—"* = &AL m =1 . The series
\/ﬁ n"# b, é/m # n

, 1

# —— diverges according to the O p-testO, since p =!<1. By the Limit

n/2

:ﬁ: :

n=8 W/ﬁ

Comparison Test, then, our series also diverges.

This can also be shown directly by the Integral Test (of which the O p-testO is a

consequence), since -/J-'E 1/_ dx diverges.

b) The Op-testO is not so helpful here, since the factor of % correspondsto p=1

and the factors of log n do not affect the value of  p at all. Instead, it will be necessary
to carry out an Integral Test for convergence:

i — fw;dx u=Inx = du== dx
> = =
~ n(log n)> 3 x(InXx) X

OlogO means In to mathematicians X 3 $

T ~ i [0l
= #pda = lm (g

In3

[imsi)s(oms) = 0+

Since the integral converges, so does our series.

20) The angle between the two planes will be the same as the angle between the normal
vectors of the planes. For the given planes, X+y+3z =3 and 2 x+2y+z =5,
thesevectorsar e a = <1,1,3> and b = <2,2,1>,respectively.  There are two
approaches to finding this angle, each using one of the types of vector product.

The dot pro%mtvof thelse t\‘{vo vectors can be expressed in two ways. The first is
by the definiton a-b = |a| ‘ b ‘ Ccos6 , where " is the angle between the two vectors
and | v | represents the length of a vector. The second provides the means of
comput ing the value of the dot product from the Cartesian (rectangular) components of
the vectors: a"b = ab, +ab, +ab, . The (shorter) angle between the vectors can

then be determined from
(continued)



ab +ah +ah,
‘ ‘ (\/af+ay2+azz)#(\/bf+bf+bf)

For our normal vectors, we calculate
vV \"
] = P+ +3 = 11 , |b| = {22+2°+1° = /9 =3 ,

7411

. 7
b = (1)@ 1)(2) + (3)(1) = 7 , and th "= =
aab = (1)) + (D) + 3)(1) andthus  cos fim - 33

<
&

cos” =

!

|al|b

The sine of this angle may then be found using the Pythagorean ldentity:

Pargllf _ 3F #7781 _ FHIHI# 7261

s 20 n
si®” = 1#cos" = 1# =
& 33 ) 3 3
_ (99" 49)m1 _ S0M1 _ 25821 o oo 5422
33 o3 37 33
An alternative method for solving this problem is to use t he magnitude or length
of the vector product of the two normal vectors , given by ‘Zz " b‘ = |a | ‘b ‘ sin# . This

vector product (see remark in Problem 13) is computed from

PP
1 3. 11 3. |1 1 ~
11 = " P+ K
2 1 2 1 2 2
2 21

=[O BEE@ 1T (WD) BE)@)T] + [(DE) PR ]k =<1550> .

v
The length of this vector is ‘21/" b‘ = \/(#5)2 +52+0% = /50 = Sﬁ , SO the sine

of the angle between the normal vectors is given by

: A x b 542 5+/22
Sinf = W =3 - 33
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