Math 1272
Solutions for  Spring 2005 Final Exam
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1) We are given an infinite sequence for which the general term is = 3+ 5n2 and are
n+n
. - L . . 3+5n?
asked to find the limit of the sequence. This is equivalent to evaluating lln; ——
o
which can be found by dividing numerator and den ominator by n? and using the Olimit

lawO lim ip = 0 for p>0, or by applying LOH™pitalOs Rule, since the ratio becomes
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indeterminate (twice) :
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2) The calculation of this integral calls for integration by parts. In order that the new
integral which willbe p  roduced be no more difficult than the one we started with,  we
choose u=x and dv = e*dx . Because itis also a Type | improper integral, we will
describe the result in terms of a limit.
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The first term under the limit operation gives the indeterminate  product O! 40 O ; we
solve this by re -writing it as an indeterminate ratio and applying LOH mitalOs Rule:
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Therefore, our original integral is
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3) In order to decide on a decomposition for the method of partial fractions, we should
look at the denominator of the rational function. If we were to multiply out the factors,

we would obtain a polynomial with a leading term of x> a(x?)*> = x°® ;thisis a higher
power of x than in the leading term of the polynomial in the numerator, so n o]
polynomial division is needed. The denominator contains two quadratic factors, one of
which is factorable [ x*BP1 = (x+1) & xD1)] and the other is irreducible (not

factorable) , but is repeated [(x*+1)?].

For arepeated factor, the decomposition must contain terms having
denominators with every power of that factor up to the power appearing in the rational
function. Asthese are quadratic factor terms, the numerators must be linear
polynomials . So there need to be two terms  of the form :

Cx+C, 4 Cx+C,
(x*+1) (x%+1)?

The other quadratic factor, which could be factored, is represented by two terms

containing its linear factors in the denominators . Since these are linear factor terms,
their numerators are just constants. This gives us terms in the de composition which
resemble

c, ., G

X+1 x"1

The complete partial fraction decomposition can thus be written as

x* + 3x” + 2x + 2005 A B Cx+D Ex+F
2 2 2 = + + 2 + 2 2 (B)
(x*"1)(x°+1) x"1 x+1 (x°+1) (x°+1)
4) The key to solving this problem is i n recognizing the resemblance of the given series

X

to the Maclaurin series for e,

2 3 4 n
X X X - X

Iex+5+g3+73+K = #4

n=0

(In9"  _ s _
We can t hus conclude that # nl = "™ = 5 . (C)
n=0
It is legitimate to use the Maclaurin series for e, which is centered

on x =0, in this way, since its radius of convergence is infinite.



5) It will be easiest to decide among the choices for this question by looking at the

"1n

s (D)
conditions for convergence of the original series, $ neP and its absolute series,
n=1

1
# n_p . By the Op-testO, a corollary of the Integral Test, we know that the absolute
n=1

series converges for p > 1 ; we thus say that the original  series is absolutely convergent
for p> 1. The original series is an alternating series, for which the general term is

bn =L . According to the Alternating Series Test, the original series converges if

n
b " b _and limb =0 . Since n is positive, both of these conditions are met for

n n—o

p >0. Insummary then, we can say that the original series is

absolutely convergent for p>1,
conditionally convergent for 0 < p#1, and
divergentfor p#0

Among the available choices, the only one that is incorrect is (B) .

6) The distance between two parallel planes is measured along a line perpendicular to

each plane, that is, a shared normal line. The normal vector to the planes

x! 2y +2z = 2005 and x! 2y +2z = 2000 is <1, 12,2 >. To gauge the distance
between the planes along this direction, we will need to construct a normal line. We

may choose any point in the plane x! 2y +2z = 2000 ,say,(2000,0,0), and crea te
the line parallelto <1, 2, 2> which passes through it. The parametric equations for

this line are

xb2000 = 14,y b0 =124,z B0 = 24 " Xx=2000 +t,y=12t,z= 2t.

We next find where this line, which is a Iso perpendicular to the plane
x! 2y +2z = 2005 , intersects that plane at the value of the parameter t given by

x" 2y +2z = (2000+ 1)" 2#" 2¢) + 2#2) = 2000+ 9¢ = 2005 $ ¢

©lu

The intersection point of this chosen normal line with the second plane is then
(2000+g, " Z#g, 2#8) = (20005, " %) 1—90) . The two points are on a line

perpendiculart o both planes, so the distance between them is the defined distance
between the two parallel planes:

d = 420005 20007 + (* 20" 0)2 + (12" 0)? = /()7 + (" 1) + (20y2

_\/25+100+1oo_ 225 _ 15 _ 5
=V s  “Vsm ~9-3 - (A)




7) The basic integral for finding the area bounded by a polar curve r = f(#) between

2
two anglesis A = #%[ f(")]? d” , which represents the areaofa  wedge having the
”1
origin as its vertex. For the curve r = € andthe angles specified, our area integral ,
which can be evaluated pretty directly, will be

= 2 Q@) d# = 1 e d# = 17(3e7]}) = 17(e %) = 1(e¥ )
(B)

dy
d
8) For a parametric curve, the derivative at a point given by ( X(t), y(@)) is d—y = %
X A
dt
For our curve, the derivatives are
X=t+Int = %=1+% and y = 1+t* = %=2t
. _ dy 2t 2t?
Thus, we obtain the formula for the slope of the tangent line, = 1"
dx 1+5 t+1
To find the slope of the tangent line to a specific point ( X, Y ), we will need to
find the value of the parameter t associated with tha t point. For the particular
functions we have, it will be easier to start from the equation for the y-coordinate:
y=1+t*=2 " tt=2bP1=1 " t=+1, x(1)=1+In1=1+0=1.

The value t=11is excluded, si nce itis notin the domain of t+Int.

Thus, the value of the parameter at the point (1,2) is t=1, where the slope of the
tangent line is
2 u12
I =1 . A
- = T (A

2t2

dy, _ 2t
t+1

dx

9) The surface area integral for a solid of revolution can always be written as
A= $2 "# ds, where r is the perpendicular distance from the axis of revolution to

the curve being revolved and ds is the infinitesimal element of arclength along the
curve. For this problem, the axis of revolution is the x-axis, so the perpendicular
distance willbe r=y .

i\
(continued)



The surface area integral for the solid described is thus

2
- o = 2 G s T = 2 G T - 2"#$yﬁ/“(2’§) i
Forourcurve y = 4/4" x? = (4" x2)1/2 1 % = 241;,5(4" )1/2#(--2 ) =" 2
'ﬂ X

2

) 2y 142
TOA = 2#8, (4% 1+(%—+ dx = 2#$, " (406x2)2 g | (1) T

[ 4 %x2 * 4 %x?2

- 2"#%‘/23(;: T dx = 2" #9@dx = 4" #x[5 = 4" #1$0) = 4"
X
(®)

In fact, the full curve y =4/4- x® is a semi -circle of radius 2 centered at the

origin; when rotated about the x  -axis, it would sweep out a sp  here of that radius. The
surface area we have found corresponds to the portion of a globe between  the equator
and, say, 30% north latitude; this works out to be one -quarter of the total surface area of

the globe. This gives the result $ a4%$ a2°> = 4%.

10) Pretty much the way to deal with this problem is to sift through the available
choices directly. We note, however, that there ar e two types of series listed.

Choice (A) is a geometric series, which can be written as # (%)n , Wwhich means
n=0
the ratio between successive terms in the series is r = % . Since a geometric series
converges for
|r| <1, this specific series is convergent.

All of the other choices are infinite series with general terms which are rational
functions of polynomial s. For the purposes of comparison, they can be likened to
general terms using only the leading terms of the polynomials,

= n_# =n?® = % . We know, from the Op -testO, that an infinite series of the
n n
%

form &% only converges for %b& > 1. Through the Limit Compar  ison Test, we
n

can show that the series with rational functions of polynomials will behave similarly

(this would take rather more space to show in detail). This means that only the infinite
series with such general terms will converge if the degree of the polynomial in the
denominator is more than 1 larger than the degree of the numeratorOs polynomial.

Among the available choices, the only series for which this is not the case is (E) .



11) This Qrigonometric -powers Ointegral involving the tangentand  secant functions
separates nicely when we choose the tangent function as the basis for Obreaking upO the
integrand. We can write

#sed xtarfxdx = #fsedx"tarf x"sec x dx .

du

The Pythagorean Identity can then be applied to deal with the outstanding factor of
sec x, since sin>x+cos’x =1 " tan®’x+1 = secdx:

#sed x"tarf x"sed xdx = f(tarf x+1) "tan2 x"secf x dx = #Hu*+udu
u du

u+1

1 5,1 3 —
= zu+su + = + = + E
s tzu +C 5tanx 3tanx cC . (B
This integral will not Obreak upO well if we choose u = sec x instead: separating

out the differential du = sec x tan x dx still leaves a single factor of tan x behind, with
no tidy way of resolv ing it.

12) In the convention used in our textbook (Stewart) for spherical coordinates, # isthe
OazimuthalO angle measured along the equator of the sphere counter -clockwise from the
positive x -axis and ' is the OpolarO angle measured from the upper  or OnorthO pole of

the sphere. In this system, the equations for the transformation from spherical
coordinates (r, #,' ) torectangular coordinates (XY, z) are

X =r cos" sin#, y=r sin" sin#, z=r cos#
Forthe point (r, #,' ) = (4, $/3, $/6 ), we thus find

(x,¥,2) = (4cosysing, 4singsing, 4cosg)

(4vdd g4nd30l 4038y = (1 43, 2¢3) . (B)

Be aware that other labeling conventions exist: in many other books and in other
fields, such as physics, # denotes the Opolar angleO and ' , the Oazimuthal angleO,

using the coordinate order (r, #, "' ).

a
13) An infinite geometric  series E ar" has the sum Sle . For the series given
r
n=0
in this problem, it will first be necessary to put it into this form, in order to accurately
determine the values of a and r . We can write

$OO° - § CIAT - §UI - Goly

2
2 " n=0 (2 ) n=0 4” n=0
We can now read off that a=9and r = '% , from which we find that
_ 9 - 9 _ 36
S=reamy ~7a-7 - A



14) For this question, we will need to work through the available choices in order to
eliminate all but one of them (in this case, we are looking for the single incorrect
statement).

Itis c lear that this series is an alternating series ( eliminating choice (A) ).

In(n+3)
n+3
may apply LOH™pitalOs Rule to it:

The limit ”"rT#\t produces an indeterminate ratio of the form % , SO we
n

d

In(n+3 . —In(n+3)

m 3 im an

n+3 % 9 (n+3)
dn
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1
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So the statement in choice (B) is correct.

The most direct way to dete  rmine whether the sequence of absolute terms for
this series is monotonically decreasing is to look at the derivative of the function they
represent:

i"|n(x+3)%_ [(X+3)(Xfll-3(1]) [In(x+3) (1] _ 1) In(x+3)

oF y+3 & (x+3)? (x+3)?

since In 3 > 1, the derivative of this function is negative for x " 0, so this function is
decreasing for x " 0. The sequence of terms is thus monotonically decreasing,
making statement (C) correct.

The truth of statements (B) and (C) mean that the given series satisfies the
conditions of the Alternating Serie s Test. Therefore the series converges and statement
(D) is correct.

On the other hand, if we integrate the function represented by the general terms
over the interval [0,!), we see that

; In(x+ 3
%ngx u=x+3" du=dx
X 0 !
u=x+3: 3 !

© 1
= fs Inu-gdu v=Inu" dv:%du
u: 3 !
v=Inu: In3 !

* .1 .1 1
= [, vdv = limav? |} = (lim3v*) - (5 [In3]") — =

The absolute series is th us divergent, making the statement  incorrect in choice (E) .



15)
a) This integral will require a combination of techniques, since it is the argument of

the sine function that would be involve dina u-substitution . Once we Obreak upO the
integrand, we have

" 2x®sin(1+ x?) dx u=1+x*>" du=2xdx

= H2x"x*"sin(1+ x*) dx = ;/-',I-Lx2 "sin(1+ X )"2x dx

sinu

P H#sinudu = Pusinudu " Fsinudu

We know the anti -derivative for the second term. The first term needs an integration by
parts:

#l\-/l "sinu du v=u" dv=du ; dw=sinudu " w=#cosu

dw

= u"(#cosu) # P#cosu) "du = #ucosu + $cosudu = #ucosu+sinu+C .
\' w w \Y

The complete integral is then

Pw" D#sinudu = ("ucosu+sinu) " ("cosu) + C

—(I+x*) cos(1+ x*) + sin(1+X*) + eosft+%x>) + C

sin(1+ X*) —= x°cos(1+x*) + C .

b) This integral is a bit tricky, since it is not immediately clear how a substitution
will help and integration by parts would be nightmarish and inefficient. Because the
numerator and denominator of the rational function in the integrand are of the same
degree (the hig hest power of x being &), it will be helpful to perform a Opolynomial

divisionO first:
DX ax = %1" 2VX_ (i

1+4/X 1+4/X
The integral of the first term is simple, so we will focus our atte ntion on the second
term . If we now try the reasonable substitution u=1+" x,we find that its differential
is du= 23}_ dx . Unfortunately, that factor of 2' X is in the numerator of our
integrand, rather than in the denominator, so itOs not obvious how this will help us. But
if we insert the needed factor of 2' X into the denominator oursel  ves, we obtain
4 2,\/_ ,\/_ 4 4
1 — 1 X
#NL dx = w1t dx
o I++/x "24/x 0o 1++/x " 24x

(continued)



This gives us more hope of progress, since we may now write

4 4x 1 X
fo T+ X 24X dx = 4- 0 1+«/_ 2«/_ dxy !
! ! ! ! ! ! ! ! u=1+-/x " @U#D’>=x!
| | | | | | | 1l | X: 0 4
u=1+"'x: 1 3
2 2
= 4§ qu = 4 FTFE gy = 4 Fus2+ldu

We then need to assemble our original integral, in order to evaluate it:

1:61" 1%r‘/;_dx = #gldx " 4$#3u"2+%du

= (x|8) " 4#5u*" 2u+In|u)|?

= 4 4#{(%#32 " 2#3+1n 3)" (3#2" 2+In 1)]

= 47 44(376+In3)" (37 24+0) = 4744 = 441" In3)

The result is a small ne gative number: a graph of the integrand function reveals
that it is in fact negative and close to zero over the interval [0, 4]

16) This differential equation  looks pretty nasty, butit is separable: we can write

..dy _ dy dx
(x +1) = y#3 $ y#3 - x2+1

We then integrate bot h sides of the equation  Dthe left -hand integral will give a
logarithmic function, the right -hand integral we recognize as yielding the arctangent
function:

— " — ‘1
#m = #2+1dx $ Injy" 3| = tan'x + C

We can then exponentiate both sides to obtain
eIn\ y'3[ — etan"lx+C # ‘ y " 3‘ — etan"lx $eC — A$etan"1x

exponentiation makes the additive constant, C,
a multiplicative constant, A

This gives us two possible general solutions, depending on the sign of y Bb3:
_1 -1
y-3=A€e"* = y=3+Ae" " y=3 or
n — tan"] X —_ n temul X
3"y = B#e $ y =3 " B#e ,Y<3 . (continued)



dy _

There is also what is called a OtrivialO solution, which is found by setting ax 0
in the original differential equation
n d n
(X+D)"E =y#3 $ (P+1)"0=y#3 % y=3
b) We now are given an initial -value problem, in which we must find the specific
solutions of the differential equation with y(0) = 2005. Since tan(0) =0, it follows
|
that tan “*(0) = 0. We will only need to solve this problem for y"3,so

y=3+A"e % =3+A"e® =3 +A"1=2005$ A =2002.

The solution to the differential equation satisfying y(0) = 2005 is thus

y = 3 +2002'e™"*

17)
a) The Fundamental Theorem of (Integral) Calculus states that if a function g(x) is

defined by the integral ~ g(X) = ": f(t) dt,where x isintheinterval [a,b] and f(x)is

continuous on that interval, then %g(x) = f(X) . Forourfunction vy =f(x) defined
X d
by f(x) = fo e —1dt , then, we have the derivative d_))i = 4/e” -1

b) The arclength of a curve described by y =f(x) on the interval [a, b] is given by

||b llb 2 2 2 2 . e e s .
= = + = +
s=" ds . 4/dX°+dy° |, where ds = 4/dX"+ dy” is the infinitesimal element of

arclength in the (Euclidean) plane. Since we are to integrate along the x -direction, we
will need to factor out the differential dx , making our arclength integral

S = f:W/g_ﬁ*'g_ﬁ dx = f:1/1+(%)2 dx

Since we are looking for the arclength of the curve described by the integral function
f(x) = i‘gwl € " 1dt ontheinterval [0, 2], we can use the derivative we found in

part (a) in the arclength integral, giving us

S = "02 1+(%)2 dx = "02\/1+(1/ezx#1)2 dx

= #g 1+e*" 1dx = #/5 e dx = 1:€exdx: e

2_ 2"
2=¢e" 1.




18)

a) The Maclaurin series for this function will need to be constructed fr om Maclaurin
series for the basic functions y =€ and y =sin x. For the first of these, we have
2 3 4
X X X
€ =1+x+ —+ — + — +K
2 3 4

() @), @)

e =1 #x) +
2 3 4

+ K

4 6
=1|| X2+XE||X€+ +K

X
4

for the second, we find

f(x) = % sin(x®)

4 6 8 9 15 21
I O ] S A
2 3 4 3 5 7
9 15 11 17 7 13 19
P IS P R e Y [ A I I 74
5 3 5 2 2-3 2-5
. $X9 . X15 X21 ! $X11 X17 X23 !

Ky + + Ky K
Sa am am | Sa am am |

Upon surveying the terms present, we find that we will be able to consolidate the first

five non -zero terms by collecting only the terms with powers of x upto x*,yielding
" X2 . 3 3 n 5 X7 " # 9 Xg # 11 Xll
= + = + = + + —
e’ sin(x®) = X X 5 &a 3? ff‘a 7 §‘K
7 9 11
= X3 n X5 + X n X 5x

2 3 24



£09(0)

b) The general term in a Maclaurin series is Tk , hence, in our series, we

have for k=7,

f((0 1 "

20 w7 = 1y £00) = 2 = 2520

7 2
19) The general term for this power series is a, = 27 (x+ 1) The radi us of
vn+1
convergence for the series is found by application of the Ratio Test:
2n+1 $(X+1) n+l
. . A/ (n+D)+1 n+1 n+l [
"E | a A 2n $(x+1)y n" # (x+D" T4/n+2
A/n+l

2"(x+D"1| <1 # |x+1] <3

So the radius of converg ence of our seriesis R = & (and the interval of convergence is
centeredon x = !'1. To determine completely the interval of convergence, we must

examine the behavior of the series at each endpoint:

$ n n =+ n $ n l n $ n

T S 7 A M /i Y /A :% |
=0 Vn+l =0 Vntl o VR t1l w/n+1

: . 1 ; =1
for which the general term is bn = this may be compared with thete rm a, Wi
; A/n+l
from which we find that I‘T; Zn Llp’; yﬁ Llrg n =1 since
AT
g1 L1 : .
# —-— = —— diverges by the Op -testO (p=& < 1), then our series also diverges

1/2
o VN g D

by the Limit Comparison Test

$ n n o n $ n n L n $ n n
L /AL I S IR A
2 n=0 n+1 n=0 n+1 n=0 n+1
hich i It ti i ith b = ! i ! < ! d
which is an alternating series wi = —— ; since an
" Jn+1 NJn+D+1  An+l
. 1
lim = 0 , our series satisfies the Alternating S eries Test, hence it converges.
"% el g g
. L 3 1
The interval of convergence for our series is then [- 21~ 5)



20)
a) For the points given, the desired vectors are OA =<2,3,4> and
OB =<3,4,2>.

The dotproduct of two vectors can be expressed in t wo ways. The first is by the
- ) Ly .
definiton a-b = |a|‘b ‘ COoS6 , where #is the angle between the two vectors and | v |

represents the length of a vector. The second provides the means of computing the
value of the dot product from the Cartesian (rectangular) components of the vectors:

a'b = ab, +ab +ab, . The (shorter) angle between the vectors can then be
determined from v v

. _ ah _ ab, +ah +ab,
TR (g e )

For our vectors, we calculate | OA| = |OB| = 4/2°+ 3 +4% = /29 ,

26 26

OA 0B = (2)3) + ()4) + () = 26 , ghing  COS" = e = o

and so # = cos'’(26/29).

b) The magnitude of the cross product of two vectors gives the area of the
paralle logram defined by these vectors. A triangle can be formed by the two vectors
and a third vector passing from the tip of one of these vectors to the other, thus making
a diagonal of the parallelogram. The area of this triangle is thus one -half of the area of
the parallelogram.

For the three points given in the problem, we may choose any two pairs, for
which we will construct vectors. We may pick, for instance,

BC = ((4-93),(2-4),(3-2)) = (1-21) and
BA = ((2" 3),(3" 4),(4" 2) = ("1"12)

T < QO<
Il

The cros s product vector is then found by the calculational device

ik
v.V # 1. |1 1. |1 #]-.
a"b "="* |1 #2 1| = i Jj +
#1 2 #1 2 #1 #1
#1 #1 2
*this 3 x 3 determinant is a means of computing the cross product,
butis not a definition
= (['4]ppr1n)it (20['1])j+ (['1]1DP2) Kk =<-3,-3,-3> .
. : . Va Y _ 2 2 2 _ _
The magnitude (or length) of this vector is ‘a b‘ = \/ #3)2+ (#3)% + (#3)? = /27 = 3+/3,

so the area of triangle ABC is %\/2_7 or %wﬁ .



c) A parallelopiped is a three -dimensional figure with six faces, where the faces
opposite e ach other are identical par allelograms. For three vectors, not all in the same
plane, which extend from a single point, two of the vectors can be chosen to define a
base parallelogram and the third vector will then establish the volume. The order in
which these vectors are chosen  turns out to make no difference in finding the volume,
which we obtain by taking the absolute value of a scalar triple product of the three
vectors .

The three vectors chosen here all emanate from the origin O , so they are given
simply by v . v
a=0A=(234),b=0B=(34,2),andc = OC = (4,23).

It doesnOt matter for calculating the volume of the parallelopiped in what order we take

w Vo ¥
the vectors in the scalar triple product. We will choose, say, b"(C#a) ;the scalar
triple product can be found using the determinant aid

b, b b| [3 4 2

- 4 2
c, ¢ |=14 2 3 =3"

2 3

2 3
3 4

4 3

b"(c#a) "= |c, ¢, c, .

a a & 2 3 4

= (3)(8D9) ! (4)(16 P6) + (2)(12 D4) = (13) P40 +16 = 127 .

s

+ 2"‘

The volume of the parallelopiped is the absolute value of this scalar triple product,
which is 27 .

G. Ruffab1/09



