Math 1272
Solutions for undated (200 2?) Final Exam

1) The calculation of this integral will require integration by parts. In order that the
new integral which will be produced be no more difficult than the one we started with,

we choose u=x and dv = e® dx. We then have
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2) This integral cannot be determined by a straightforward method as it stands, since
there is no simple relationship between the function 3x + 5 in the numerator and the

argument of th e radical in the denominator, 4 Dx? . It will be easier to deal with if we
separate the integral into two terms first:

#ﬂdx - #idx + H—2 dx

'4" x2 4|| x2 4|| x2

The integral in the first term can be solved by a u-substitution:

3X
#?dx u=4-x> = du=-2xdx = —%du=xdx
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(continued)



The second integral bears a resemblance to that for the inverse sine function,

# L

1|| X2

dx = sin'x + C

We will need to factor a 040 out of the radical in order to bring the integrand into the

proper form:

dx = 5$#i4$#dx = 3

O A e T

We then need to make a substitution, so that we can use the inverse sine integral:

5 1
5"$—dx! ! v=2X " dv=—dx " 2dv=dx
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Our integral is thus

i 3x+5

— de = " 344" x* + Barcsing) + C . (A)

3) For this trigonometric  -powers integral involving sec x and tan x, we must decide
which way of splitting up the integrand will make it reasonably easy to integrate. If we

base a substitution upon u = tan x, we would have its differential du = sec® x dx and
would need to write

ml3 nl3
[ seéxtanxdx = [ seéx-tanx-secxdx.
0 0 u du
While this doesnOt appear to be helpful, we can employ the Pythagorean Identity,
sin® X + cos’X = 1, in one of its alternative forms, tan’x + 1 = sec’x , to create
/3 /3
fseczx-tanx-seczx dx = f(tan2x+1)-tanx-sec2x dx
u du 241 u du
0 0 u +

(continued)



To complete the substitu  ted integral, we need to make a table showing how the limits of
integration are transformed; we can then carry out the integration:

X: 0 1/3
u=tanx: 0 13

#13

V3 V3
$tarf x+1)"tanx"seé¢ xdx = P +1)"u"du = $Pu*+udu
u du 0 0

0 u?+1

2= ZWB) +3(B) 00 = 2+3 =

We could also make the substitution u = sec x, which has the differential
du = sec x tan x dx . This would split up the integrand and transform the integration

limits differently, butw il still give us a tractable integral:
/3 " I3
#sed xtanx dx = #fsec x$secx tanx dx
0 0 u du
X: 0 1/3
U=Ssecx: 1 2

= Hudu = ' = 2" 20 = L . (D)

4) Integrals of even powers of  sin x or cos x require a special OtrickO to turn them into
something we can work with: we make use of the Odouble-angle formulaO for cosine in
one of its alternative forms D

cos@2x) = cos x" six = 2cosx"1 = 1" 2sin’°x..

For our integral, we want to solve for sin 2x = (1 bcos2x)/2 ;using thi sresultgives
us
xl4 714 1-cos@R: )
- Tt 27 dx

wl4
[2sit)dx = 2-f - 2-%-f 1- cos(x) dx
0 0 0

n M #" M # n n M
= X smx|§”4 = (Z"sinZ)"(0"sin0) = Z " = . (A)



5) In determining the arrangement for a partial fraction decomposition, we need to look

at the denominator of the rational function. For the function ; , there is

(X2+1)(Xu 1)2
an irreducible quadratic factor, x ~ ?+ 1, which ¢ annot be factored using real numbers,
and a OrepeatedO linear factor, x B1.

The repeated linear factor is represented in the decomposition by terms with
denominators containing the linear factor raised to the first power, to the second power,
etc., up to the highest power appearing in the rational function. The numerator for
linear factor terms is just a constant. So two of the terms in the decomposition are

G , G
"1 (x" 1)

A quadratic factor term in such a decomposition appear s with the quadratic
poly nomial in the denominator and a linear factor in the numerator. The form is then

C,x+C,
x> +1
The full partial fraction decomposition is therefore
1 _ A&x+B, C D -
(X2+1)(Xu 1)2 X2+1 (Xu 1)2 X"1 . ( )

6) A parallelepiped is a three -dimensional figure with six faces, in which opposite faces
are identical parallelograms. If three vectors are chosen to emanate from a single point,

any two can be used to construct a ObaseO parallelogram, for which the third vector can
then be used to produce the remaining faces in three dimensions. The volume of this
solid is found from the absolute value of the Oscalar triple productO of the three vectors,

a"(b#c), with the vectors being labeled in any order.

If we choose to identify the vectors as a=<011>, b=<10,0>,and
c = <1,2, "1>, then the scalar triple product is given by

01 1
v V v 0 0 1 O 1 0
a-(bxc) "="* [1 0 0| = 0O -1 1-
2 -1 1 -1 1 2
1 2 -1
* the 3 x 3 determinant is an aid to computing the triple product, but is
not a definition for it
= @O " @Y+ 0 =3 (C)
Any other ordering of the vectors produ ces the same value for the volume; this

is a familiar result for those students acquainted with determinants.



7) One way to test whether three points are collinear is to use any two of them to define
avector v and then see if a vector from either of those two points to the third point
produces a vector which is a scalar multiple of v . In the choices for this question, two
of the points, ( "1,0,2) and (2, "2,4), are always repeated, so we will use them to
construct a vector

V = ((@2-[-1), (-2-0),(4-2)) = (3-22)

We can then create a vector w from either of these points to a third point ( Xy z);if w
= cv , then all three points lie on the same line. Since ("1, 0, 2) is easier to work
with, we will extend our second vector, w , from there ; this gives us

(C"T8), (" 0), (27 2)) = c#3722) $  (xy.2) = ("10,2) + c#3" 22)

We can look at just the y -component to eliminate choices in the question, since it
gives us the simple equation y =0+ cé&("2) = "2c. Choice (D) plainly doesnOt work,
since y = 0 wouldgiveus ¢ = 0and ("1,0,2) " (0,0,0). Forchoice (A), we have
y="6="2c # c¢ = 3 ;applying this to the other components leads to (x,y,z) =
("1+(3)3),0+(3)("2),2+(3)(2) ) = (8,"6,8) " (8,"6,7). Among the remaining
choices, (B) and (C), wecanuse y = 4 = "2¢c # ¢ = "2 ; this will produce

(X¥,2) = ("1+("2)3),0+("2)("2),2+("2()) = ("7.4,"2). (B)

8) When two vectors are expressed in terms of their Cartesian (rectangular)
components, their dot product is given by

a"b = (a.a,a,)"(b,b,b,) = ab +ab +ap,

The two vectors are orthogonal if this dot product equals zero. So for this question, we
seek the value(s) of $ for which

<a2,—3,2>-<1,2,a2> = @)D + ()2 + @) = 3a>-6 =0

"oi=6 " #'=2 " #=1£2 . (Q



9) The transformation equations from polar to rectangular coordinates are
X = rcos’ ,y = rsin” . Forthe pointin question,

el
W,

<
N

x = 2vcos(ZT) = 2 (=% = =3,y = 2-sin(ZE) = 2-(-1) - -1
making the rectangular coordinates ( "3, "1). (B)

We could quickly narrow the choices down to just (A) or (B) by noticing that the
angle 7!/6 puts this point in the third quadrant, where the Xx- and y-coordinates are
both negative. Since the direction for the angle is 30% below the negative x-axis,
| cos (7!/6)| > |sin(7 !'/6)|, leading only to choice (B) without any calculation at all.

10) The sum of an infinite geometric series a+ ar + ar + ar +E is given by the

a
formula = lT . We see that the initial term in the series is a = 3. Tofind the
r
ratio between successive terms, we can divide any term by the preceding term, for
w15

instance, r = = 7 . Thus, the sum for this series is

7
3



11) The surface area for a solid of revolution is given by the integral A = f 2m-rds,

where ris the distance from the axis of rotation to a point on the curve being revolved
and ds is the infinitesimal element of arclength at that point al ong the curve.  Since
the rotation axis in this problem is the x -axis, the radial distanceis r = y.

The element of arclength is always ds = 4/ dx* + dy* . We are dealing with a

parametric curve, so we will need to factor out the differential dt, giving us

V2 2 2 2

- " 2 + 2 - " dxz + d 2 - n (@) +(4X)
A= 2" #Py() A dx> +dy® =2 #;$y(t)1/(dt2) (Ldﬂ dt =2 #§Sy(t) p @) i
We can then work out the derivativ  es for the parametric functions,
d d 2 d d ,
—X() = —(1+t°) =2t , —y() = —(t) =1 ,inorderto complete the surface
a0 = g4 Y0 = 4O P
area integral

7 5 5 7 7
A=2" #;$y(t) (& +(%) dt = 27 #;$tw/(2t)2 +(1) dt = 2" #;$t 1+4¢ dt
(©)

12) The slope of the tangent line to a point on a parametric curve ( X(t) , (1)) is given by
dy
dy _

= = X The derivatives of the coo rdinate functions for this curve are

d d 3 2 d d 3n 2n
—X(t) = —(t°+5t+1) = 3t°+5 , —y(t) = —(2t°" 2t+1) = 6t°" 2
pradUB e ) 470 = 4 )

(continued)



Thus, the slope of the tangent line at the point corresponding to t =1 is given by

dy
dx

6t -2

t=1 mtﬂ:.—:_:_' (C)

13) The Taylor series centeredon a = 0 forthe function cosx is
x> x*, x°
1" El + o " r + K (also called a Mac laurin series) . To modify this for a
different argument of cosine (making it a composite function), one can introduce a
dummy variable  u to represent a function u(x) . For our function, this would make the

series

2 4 6 242 24 246
u u u X X X

COSU(X)=1——+———+K=cos(x2)=1—()+()_()+K
2! 4! 6! 2! 4! 6!

The series for our function , f(x) = xcos(X’), will be found by multiplying this preceding

series by x. We only want the Taylor polynomial for the series out to the term for
n=>5, which is
' 5

f(x) = xcos(x?) = x"% # ()" + (<)° # (X;)G + Kz *T(X) = X # X?

2 4
(€)

14) Since we are asked to find the area under a curve that is bounded fr om below by the
x-axis, the area can be expressedas A = " y dx . The complication here is that the

curve is parametric, so the coordinates of points on the curve as expressed as functions
of Xx.

We can find the limits of integration directly enough. Since the lower bound for
the area is the Xx-axis, we need to find the  x-intercept(s) for the curve. Both x and y are
zerowhen =0, so this is the lower limit for the parametric integration. The other

limitimposedis x=1,atwhich £=1 # t=1; y= 1t =1also at that limit.

t=q1gy=1

(continued)



We are already given the function  y(t) . We also need to find the differential dx

for the integration from x(t) =t " dx = 3t>dt . The area integral thus
becomes
_n _ || /7 _ 3
A = ydx— t#3tdt—3# dt—gt 0o=35 - (D)
0 0

For some parametric curves, it is also poss ible to find a way to express the
y-coordinate as a function of X, and thereby carry out the area integral in a more

. : 3 _ _ _ 3
conventional fashion. We have  x = ¢ t=x"7 " y=¢ =x"y
SO we can write

— 5/3
- X

1
on _n _5/3 3,831 _ 3
A= "ydx = 0 X dx = X 0= 3

15) In the convention used in our textbook (Stewart) for spherical coordinat es, %is the
OazimuthalO angle measured along the equator of the sphere counter -clockwise from the
positive x -axis and & is the OpolarO angle measured from the upper or OnorthO pole of

the sphere. In this system, the equations for the transformation f rom rectangular
coordinates (x,y,z)to spherical co ordinates (r, % &) are

r=~/x2+y*+2% , ”=tan#1(¥) : $=Co§1(%)

For the point ( x,y,z) = (1,1,1), we thus find

1

Jrera)
= (V3, tai*(@, cos(3)) = (V3, 7, cos*())

(r,"#) = WP+ +1, (), cos™(

(B)
Be aware that other labeling conventions exist: in many other books and in other

fields, such as physics, % denotes the Opolar angleO and & , the Oazimuthal angleO,
using the coordinate order (r, %&).

n
16) We can testth e series # —, for convergence using the Ratio Test:

n=1

n+ + n +
lim 24 = lim M = imM g2 imP sl = 1gl <
o ol Mo k| opo 2" nEl 2 2

so the series converges.



17) Upon testing this series for convergence using a ratio test, we find

2n+lyn+l ( 1) 3] | |

. h _ . /{n.p + ‘ _ 2n+1 Xn+1 n+3

lim = lim P | lim 5 8 $nea
n" # n" # n+3

|2nxn1| < 1 # |X| < % = R’
the radius of convergence isthus R = #.

The interval of convergence is centered on x =0, so we must test the series for
convergence at the endpoints

$ 211 ||‘ )}’l Z }
X = "# : the serie s becomes /0 2 = % ; this is an alternatin
: n+3 n+3 9

n=0
series with b, :n_}-3 ;since b, <b, forall n and !ll_rr; b, =0 , the series satis fies the
Alternating Series Tes t, and so it converges

n. o0 00
2 ( ) 1 1
X = #: the series becomes = / n+3 - if we call
Nn=

n+3
n=0 n=
b, = —m and compare it to the sequence a, Z% , we find tha t
1
||m i = i"m %3 = 1 ;since # n  (the harmonic series) diverges , our series
S AT L n=1

does also , by the Limit Comparison Test  (omitting the n =0 from our series to make
the comparison makes no difference in this).

The interval of convergence for our series is thus [ "## ).




18) Since the integrand is a rational function, we should check immediately to see
whether it possesses any vertical asymptotes. The polynomial in the denominator is
factorableas x*+x D2 = (x+2) &(x P1), so there are vertical asympt otesat x= "2
and x =+1 . Neither of these is within the interval of integration [2, 3], so this is not

a Type Il improper integral  ; the Fundamental Theorem of (Integral) Calculus can be

applied here .

To integrate this function, we can first ¢ heck to see whether a  u-substitution can
be done easily. But the derivative of the denominator is 2x + 1, which doesnOt have a
simple relationship to the numerator, x b4 . So we can then move on to work out a
partial fraction decomposition of the int egrand. The numerator is a polynomial of lower
degree than the denominator, so polynomial division will not be necessary.

Because the denominator is factorable into linear terms, the partial fraction
decomposition will have the form

X"4 _ A B _ AHX"1)+ B#x+2) _ Ax+Bx"A+2B

X*+x" 2 x+2 x"1 (x+2)#x" 1) x>+ x" 2
" A+B=1,#A+2B =#4 " #A+281#A) = 2#3A = #4
" 3A=6 " A=2" B=1#2=#1

We can now write our integrand as a sum of two terms, both of which lead to
simple logarithmic results:

%@de - ¢§ 2 L= 2In|x+2| " Injx" 1|3

x2+x"2 x+2 x"1
= {22 = () (%) = nZ) = nZ
In[ 1|2 In > In 1 In 16 In32 <0

This result is credible, since the integrand function is negative on
the interval [ 2, 3 ].

19) The indefinite integral here is one which ca n be solved through a  u-substitution
This Type | improper integral is dealt with formally by writing it as the result of a limit
operation, so

#-2dx = lim # i
(x*+1) sr 1 (x7+1)
u=x>+1 = du=2xdx X: 1 t'"$
u=x+1: 2 t+1' $
. 241 du i 1\ 241 . 86 1 )/ 1
= —— = 0 = 04 (O
im " = MO = im P %08

= 0+

N =
1
Nl =



0’
2 , Is not evenly divisible, it will be easier

n*+1

to examine the convergence of the series by making a comparison. Because n and

n*+ 1 are positive, we can write  the inequality

20) Since the general term in this series,

n n :
4 <z =0 "
n“+1 n
. . ) 1
We know from the O p-testO, a corollary of the Integral Test, that the series # —

©

a-4 S l
converges for p>1. So the series E n E 2 convergeswhen 4 D$ > 1
n
n=1 n=1

# 4Dl > 3% # $ < 3. Bythe Comparison Test, since this series converges
subject to this condition, our series does also.

21) The coefficients in the equation for the plane that we seek are given by the
components of a normal vector to that plane; so we will need to construct that vector.
We may choose any two pairing s of the three given points to form two vectors in the
plane, say,

(8,2,4),(3, "1,2): a=<8b3,2bD("1),4b2>=<5,3,2> and
(8,2,4),("1,"2,"3): b = <8D("1),2b("2),4D("3)>=<9,4,7> .

The ve ctor Ocross productO of these two vectors produces a new vector which is
perpendicular to  both of them, and thus perpendicular to the plane containing them:
this will be our normal vector to the plane:

I k
- : 3 20 15 2], |5 3.
a"b "="x |5 3 2| = I ]+ k
7 9 7 9 4
9 4 7

* see remark in Problem 6
= (21 b8)i-(35bD18) j + (20 B27) k = <13, "17,"7>.

The equation for the plane is then 13 4( x bx, ) -17 a(y by, )DB7(z bz, ) =
where ( x o Yo Z, ) are the coordinates for any point in the plane. We can choose, for

instance, the point (3, "1, 2) to obtain the equation
13&(xb3) "17 &y b("1))b7(z b2) =
# 13x " 39 " 17y " 17 " 7z + 14 =0

# 13x " 17y " 7z = 39 + 17 " 14 = 42 .

Surprising as it may seem, we would obtain this same equation for any other choices we
might have made among these three points.



22) In considering the techniques we have learned for solving differential equations, we
see that t his one is not separable, butit islinear. So we will need to find an Ointegrating
factorO to multiply this equation through by, in order to change it into an integrable

form. For a linear differential equation of the form y' + P(X)y = Q(X), the

"P d
integrating factoris  I(x) = e e

In our equation, P(x) = "3, so our method of solution is
1(X)- (y' = 3y) = I(x):5e* = e/ (y'-3y) = e/3%.5e*
n e#3X ﬂyl# 3y) - e#3X $5e3X n e#3X WI # 3%#3X %’ - 5

n (e#’jx W)u - 5 n e#3X%/ — 5X + C

using Product Rule of differentiation

= y = 5xe* + Ce*

This then is the general solution to the linear differential equation. We are given
a specific value which the function WY(X) must have at a particular point X=a ;thisis
known as an Oinitial valueO for historical reasons (this can also be thought of as a
specified point which the graph for ¥(X) must pass through). For this problem, we have

y("1) = 2, which requires that

y = 5"#D)"e’™ + Ce™ = #5"€" + Ce® = (C#5)"e® =2
" C=2e+5.
Our particular solution to this initial -value problem is therefore
y = 5xe* + (2e®+5)"e® = (Bx+2e*+5)"e™,

from which we find

y(0) = (5"0+2e°+5)"e®® = (2¢°+5)"1 = 2¢°+5

G. Ruffa 12/08

Thanks to Jun Luo for producing a corroborating solution set (c. 20057?)



